Aims. We study non-axisymmetric oscillations of a straight magnetic tube with an elliptic crosssection and density varying along the tube.
Introduction
The solar atmosphere is a highly dynamic and structured plasma that is able to support a wide variety of magneto-acoustic waves and oscillations. Each layer of the solar atmosphere, from the photosphere to the corona, is magnetically connected to the others via the all pervading magnetic field. The omnipresence of the waves throughout the atmosphere is becoming well documented as new and exciting techniques are being developed to help observe and study the waves (see, e.g. Banerjee et al. 2007; Tomczyk et al. 2007 ).
After transverse coronal loop oscillations were first observed by TRACE in 1998 (Aschwanden et al. 1999; Nakariakov et al. 1999) , the phenomenon became one of the hot topics within solar physics. In the first theoretical interpretation of these oscillations, a coronal loop was modelled as a straight magnetic cylinder with the density constant inside and outside. Since then, a number of more complicated and realistic models have been considered. For a recent review on the theory of transverse oscillations of a coronal loop see, e.g., Ruderman & Erdélyi (2009) . Although the transverse coronal loop oscillations are interesting on their own, their main importance is related to the fact that they are a powerful tool of coronal seismology. Nakariakov & Ofman (2001) demonstrated this by using the observations of transverse coronal loop oscillations to estimate the magnitude of the magnetic field in the corona, while Andries et al. (2005) suggested to use these observations to estimate the atmospheric scale height in the corona.
In this paper we continue to study the transverse oscillations of coronal loops. Coronal loops with elliptical cross-sections and a constant density profile have been studied previously in both cold (Ruderman 2003) and finite-β (Erdélyi & Morton 2009 ) plasmas. Now, we consider oscillations of loops with the density varying along the loop and a constant elliptic cross-section. The paper is organized as follows. In the next section we formulate the problem. In Sect. 3 we derive the governing equations for non-axisymmetric oscillations of a coronal loop with an elliptic cross-section in the thin tube approximation. In Sect. 4 we study the implication of our analysis on coronal seismology. Section 5 contains the summary of the obtained results and our conclusions.
Problem formulation
We model a coronal loop as a straight magnetic tube with an elliptical cross-section. The cold plasma approximation is used. The density varies along the tube, while the cross-section remains constant. In Cartesian coordinates x, y, z the loop axis coincides with the z-axis. The equilibrium magnetic field is given by B = Bẑ, where B is constant andẑ is the unit vector in the z-direction.
The plasma motion is governed by the linearised ideal MHD equations,
Here ξ is the plasma displacement, b the magnetic field perturbation, ρ(z) the equilibrium density, and µ 0 the magnetic permeability of free space; ρ(z) = ρ i (z) inside the tube and ρ(z) = ρ e (z) outside the tube.
Let us introduce the elliptic coordinates s and ϕ in the xy-plane (see Fig. 1 ). The Cartesian coordinates are expressed in terms of elliptic coordinates as
where σ is a quantity with the dimension of length, s varies from 0 to ∞, and ϕ from −π to π. In the elliptic coordinates the equation of the tube boundary is s = s 0 . Then the large and small half-axes of the tube elliptic cross-section are in the x and y-direction, and they are given by
At the tube boundary the normal component of the displacement, ξ s , and the magnetic pressure perturbation, P = b · B/µ 0 , has to be continuous,
where [[ f ]] indicates the jumps of function f across the boundary defined as
The magnetic field lines at the loop foot points are frozen in the dense photospheric plasma, so
where L is the loop length.
It follows from Eq. (3) that the points with the elliptical coordinates s = 0, ϕ = ϕ 0 , and s = 0, ϕ = −ϕ 0 are the same point in the xy-plane. This implies that P and ξ s have to satisfy the boundary conditions
Equations (1) and (2) together with the boundary conditions (5), (7) and (8) will be used in the next section to derive the governing equations for non-axisymmetric oscillations in the thin tube approximation.
Derivation of governing equations
The analysis in this section is similar to one used by Dymova & Ruderman (2005) to derive the governing equation for a thin tube with a circular tube cross-section. We begin by noting that, in accordance with Eq. (1), ξ z = 0. The system of Eqs. (1) and (2) can then be transformed to
where v A is the Alfvén speed defined by v 2 A = B 2 /µ 0 ρ, and the operator ∇ ⊥ and component of the magnetic field perturbation perpendicular to the z-axis are given by
Eliminating b ⊥ from Eqs. (9) yields
Taking the divergence of this equation and using Eq. (11) we arrive at the equation for P,
Now we use the thin tube approximation. To do this we note that the characteristic spatial scale in the z-direction is L, and the characteristic time of the problem is L/v A , wherev A is a typical value of Alfvén speed. In what follows we only consider the perturbations that decay at the distance of a few a from the tube. Then the characteristic spatial scale in the x and y-direction is a. It follows from this analysis that the ratio of the left-hand side of Eq. (14) to its right-hand side is of the order of (a/L) 2 ≪ 1, so that we can neglect the left-hand side. Then, using the expression for ∇ 2 ⊥ in the elliptical coordinates (e.g. Korn & Korn 1961) , we obtain the equation for P in the thin tube approximation,
The solution to this equation has to satisfy the first regularity condition in Eq. (8), and the second boundary condition in Eq. (5). Using Eq. (13) we rewrite the second regularity condition in terms
To derive the governing equations for non-axisymmetric tube oscillations we solve Eqs. (13) and (15) inside and outside the tube, and then match the two solutions at the tube boundary. It is straightforward to obtain the general solution to Eq. (15) inside the tube satisfying the regularity conditions Eqs. (8) and (16),
where C i n and D i n are arbitrary functions of t and z. The solution outside the tube has to decay as s → ∞. Hence, its general form is
where once again C e n and D e n are arbitrary functions of t and z. Substituting Eqs. (17) and (18) in Eq. (13) and using the expression for ∇ ⊥ in the elliptical coordinates (e.g. Korn & Korn 1961) ,
whereŝ andφ are the unit vectors in the s and ϕ-direction, we obtain the expressions for ξ s inside and outside the tube,
In
Substituting Eqs. (17) and (18) in the second boundary condition in Eq. (5) we obtain
Substituting Eqs. (20) and (21) in the first boundary condition in Eq. (5) yields
Eliminating C i n , C e n and F e n from Eqs. (22), (24), (26) and (27) we obtain the equation for
where we have dropped the superscript 'i'. Eliminating D (23), (25), (26) and (27) we obtain the equation for G i n ,
where we have once again dropped the superscript 'i'. It follows from Eqs. (7) and (20) that F n and G n have to satisfy the boundary conditions
In Eqs. (28) and (29) n = 1 corresponds to kink modes, and n > 1 to fluting modes.
In the elliptical coordinates the loop axis (x = y = 0) is defined by s = 0 and ϕ = π/2. It follows from Eq. (20) that the kink mode described by Eq. (28) does not displace the loop axis in the s-direction which, at the loop axis, coincides with the y-direction. Hence, the loop axis displacement is in the x-direction, i.e. this mode is polarised in the direction of the larger axis of the tube cross-section. The kink mode described by Eq. (29) displaces the loop axis in the sdirection. It is straightforward to show that it does not displace it in the ϕ-direction which, at the loop axis, coincides with the x-direction. Hence, the loop axis displacement is in the y-direction, i.e. this mode is polarised in the direction of the smaller axis of the tube cross-section.
When the density is constant, we can use Eqs. (28) and (29) with the boundary conditions Eq. (30) to recover the results obtained by Ruderman (2003) . Let us look for the eigenmodes and restrict the analysis to the fundamental modes in the z-direction. This implies that we take F n and G n proportional to e −iωt cos(πz/L). Then we immediately obtain that the eigenfrequencies of the boundary value problem defined by Eq. (28) and the boundary conditions (30) are given by
and the eigenfrequencies of the boundary value problem defined by Eq. (29) and the boundary conditions (30) are given by
. n = 1, 2, . . .
In particular, the squares of eigenfrequencies of the kink modes are given by
, ω
It is straightforward to see that the eigenfrequencies satisfy
4. Implication on coronal seismology After Verwichte et al. (2004) reported two cases of observations of the transverse coronal loop oscillations where, in addition to the fundamental harmonic, the first overtone was also observed, Andries et al. (2005) suggested observations of this nature could be used to estimate the scale height in the solar corona. Andries et al. (2005) assumed that an oscillating loop has a half-circle shape and a circular cross-section, and it is in the vertical plane. They also assumed that the atmosphere is isothermal. In that case, the dependence of the plasma density on z is given by
where H is the atmospheric scale height, ρ f the plasma density at the loop foot points outside the loop, and ζ > 1 a constant. Andries et al. (2005) calculated the ratio of frequencies of the first overtone and fundamental mode and found that this ratio is a monotonically decreasing function of the parameter L/H. Hence, if we know the ratio of frequencies and L, we can determine H. For a recent review of coronal seismology using kink oscillation overtones see Andries et al. (2009) .
A very important question is how robust is this method. Dymova & Ruderman (2006) and Morton & Erdélyi (2009a) have found that the account of the loop shape can moderately affect the estimates of the atmospheric scale height. Ruderman (2007) has shown that the twist of magnetic field lines in the loop can be safely neglected when estimating the atmospheric scale height in the corona. Robertson et al. (2010) found that the estimates of the atmospheric scale height obtained using the two-thread model are exactly the same as those obtained using the model of a monolithic coronal loop with a circular cross-section of constant radius. Recently Ruderman (2010) showed that the account of stationary time independent siphon flows in coronal loops have little influence on the estimates of the coronal scale height found using the frequency ratio. On the other hand, Ruderman et al. (2008) and Verth et al. (2008) found that the account of the loop expansion can strongly affect these estimates.
In this section we study what the effect the elliptic cross-section has on the estimates of the coronal scale height. As we have already seen, when a loop has an elliptic cross-section, its kink oscillations are polarised along the axes of the cross-section. The kink mode polarised in the direction of the larger axis is described by Eq. (28) with n = 1, while the kink mode polarised in the direction of the smaller axis is described by Eq. (29) with n = 1. Let us consider the solutions to these equations in the form of eigenmodes and take F 1 and G 1 proportional to exp(−iωt). Using
Eq. (35) we obtain
Then, introducing
we reduce Eqs. (28) and (29) with n = 1 to
where either U = F 1 and Ω = Ω c , or U = G 1 and Ω = Ω s , and U satisfies the boundary conditions U = 0 at z = ±L/2. Since Eq. (39) does not contain a and b, the eigenvalues of the boundary value problem for U are independent of a and b. In particular, they are the same as those for a loop with the circular cross-section.
Since
it follows that we obtain the same estimates of the atmospheric scale height no matter if we use the observation of the kink oscillations polarised in the direction of the larger or smaller axis. The estimates are also independent of a and b and are the same as those obtained for a loop with the circular cross-section.
Summary and conclusions
In this paper we have studied non-axisymmetric oscillations of straight magnetic loops with a constant elliptic cross-section and density varying along the loop. We derived the governing equations for kink and fluting modes in the thin tube approximation. All these equations are similar to the equation describing kink oscillations of a straight tube with the circular cross-section. We found that there are two kink modes, one polarised in the direction of larger axis of the elliptic crosssection, and the other polarised in the direction of smaller axis. The frequencies of fundamental mode and overtones of these two kinds of kink oscillation are different. However, the ratio of frequencies of the first overtone and the fundamental mode is the same for both kink oscillations, and it is independent of the ratio of the ellipse half-axes a/b. This result implies that we obtain the same estimates of the atmospheric scale height no matter if we use the observation of the kink oscillations polarised in the direction of larger or smaller axis. The estimates are also the same as those obtained for a loop with the circular cross-section. This demonstrates that the model shows a very robust nature when considering a static plasma. However, if the plasma in the loops is dynamic (i.e. time dependent) then the ability of the static model to provide accurate estimates may become questionable (see e.g. Morton & Erdélyi 2009b ).
